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Abstract: In this paper, we study the following semilinear Schrodinger equation with periodic coeffi- 
cient: 

-Au + V{x)u = f{x,u), u e h\m.^). 

The functional corresponding to this equation possesses strongly indefinite structure. The nonlinear 
term f{x, t) satisfies some superlinear growth conditions and need not be odd or increasing strictly in t. 
Using a new variational reduction method and a generalized Morse theory, we proved that this equation 
has infinitely many geometrically different solutions. Furthermore, if the solutions of this equation 
under some energy level are isolated, then we can show that this equation has infinitely many m— bump 
solutions for any positive integer m > 2. 
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1 Introduction and main results 

In this paper, we consider the following problem 

- ^u + V{x)u = f{x,u), ueH\R^), (1.1) 
where x = {xi,X2, ■ ■ ■ , xn) £ {N > 1) and V, f satisfy the following conditions: 
(Vi). V e i°°(M^) is 1-periodicineacha;,, i^l,---,N. 

(V2). The linear operator L : i7^(M^) L^(M^), u ^ —Au + Vu is invertible and lies in a gap of 
the spectrum of L. 

(fi). /(x, t) is a Caratheodory function and is 1— periodic in each Xi, i — \, - ■ ■ ,N . fl{x, t) exists for 
every i G M and for almost all x S M^. And f[{x, t) is a Caratheodory function. 

(f2).Forsome2 < g <p< 2* := <^ ^"^'/\r~i9 and C> 0, 

\fi{x,t)\ < C{\t\'^-^ + \t\P~^), for any {x,t) G x R. 

*The author acknowledges the support of NNSF of China (No. 10526041). 
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(fa). There exists 7 > 2 such that for every t ^ and x e M^, 

0<7F(a;,i) <tf{x,t), 

where F{x, t) — f{x, s)ds. 

Note that the power nonlinearity f{x,t) — h{x)\u\P~'^u, with positive 1— periodic h G 
h{x) > 0, h ^ and 2 < p < 2*, satisfies all the assumptions. 

Under the assumptions (Vi) — (V2) and (fi) — (is) the functional 

J{u)^]-( {\Vu\^ + V{x)u^)dx - I F{x,u)dx (1.2) 

is of class on the Sobolev space iJ^(K^) and critical points of ( |1.2t correspond to weak solutions of 
Equation dl.ll ). 

The operator L = —A + V (on i^(K^)) has purely continuous spectrum which is bounded below 
and consists of closed disjoint intervals (1J_6, Theorem Xlll.lOO]). We denote by \L\'^^^ the square root 
of the absolute value of L. The domain of \L\^^^ is the space X := iJi(R^). On X, we choose the 
inner product {u,v)x ~ J^n \L\^^^u ■ \L\^/^vdx and the corresponding norm ||w|| = (u, u)x- There 
exists an orthogonal decomposition X — Y (B Z such that Z and Y are the positive and negative spaces 
corresponding to the spectral decomposing of L. They are invariant under the action of Z^, i.e., for any 
u E Y OTu E Z and for any k — (rii , • ■ • , njv) £ Z^, u{- — k) is also in Y or Z. Furthermore, 

VueY, I {\S/u\^ + Vu^)dx ^ -{u,u)x ^ -\\u\\^, (1.3) 

WeZ, I {\Vuf + Vu^)dx^ {u,u)x = \\u\f. (1.4) 

Jr« 

Since lies in a gap of spectrum of L, the dimensions of Y and Z are both infinity. In this case, Equation 
(ll.ll l is called strongly indefinite. By (ll.3l l and (ll.4l i. we have 

Jiu) = h\Qu\\'' -IwPuW' - f F{x,u)dx, ueX. (1.5) 

^ ^ JR" 

It is easy to verify that if w is a solution of Equation ( ll.lt , then — k) is also a solution of Equation 
(II. lb for any k G Z^. Let u and v be two solutions of Equation ( ll.ll l. They are called geometrically 
different if u{- — k) ^ w for any k G Z^. Let vi, • • • , w„ be solutions of Equation (II. lb such that their 
barycenter are sufficiently separated. Solutions of Equation (II. lb that are close to X]"=i ^i"^ called 
m— bump solutions. The main result of this paper is the following theorem: 

Theorem 1.1. Assume (Vi) — (V2) and (fi) — (fa). Equation ([TTTJ has infinitely many, geometrically 
different solutions. Furthermore, if the condition (*) (see Section 2 for its definition) holds, then for any 
positive integer m > 2, Equation (|1.1|) has infinitely many, geometrically different, m—bump solutions. 

Equation dl.lb arises from studying of steady state and standing wave solutions of time-independent 
nonlinear Schrodinger equations. Readers can consult 1 13] for more physical background and applications 
of Equation (II. lb . Semilinear Schrodinger equation with periodic potential has been studied by many au- 
thors in the past decade. In the celebrate papers [7 1 and [8 1, Coti Zelati and Rabinowitz used a variational 
gluing methods to obtain multi-bump type solutions for Hamilton ODE and elliptic PDEs with periodic 
potential. The linear parts of the Hamilton ODE and elliptic PDEs they studied are positive definite and the 
functionals corresponding to these Hamilton ODE and elliptic PDEs have Mountain Pass structures. Coti 
Zelati and Rabinowitz used the solutions obtained by Mountain Pass theorem as basic building blocks 
to construct multi-bump solutions. Readers can consult |2|, |11|, |12| and references therein for more 
recent development in this direction. In ifTTl , Sere considered some Hamiltonian systems whose linear 
parts are strongly indefinite, i.e., the dimensions of the positive and negative spaces corresponding to the 
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spectral decomposing are both infinity. He constructed multi-bump solutions for these Hamiltonian sys- 
tems. But he imposed some convexity conditions on the nonlinear terms of these Hamiltonian systems 
and then transform them by dual variational methods into some equivalent systems whose variational 
functionals are bounded below. For the strong indefinite semilinear Schrodinger equation ( II. 11 1. Alama 
and Li constructed multi-bump solutions in (3] by dual variational methods under the assumption that 
f{x, t) increases strictly in t, i.e., the function F{x, t) is convex. The first work of directly dealing with 
Equation (II. Il l without the convexity assumptions on nonlinear term / was done by C. Troestler and M. 
Willem in [18]. They obtained the results on the existence of nontrivial solutions to Equation (II. lb . In 
lUO l, Kryszewski and Szulkin obtained the result that there exist infinitely many geometrically different 
solutions to Equation (II. lb whenever / is odd in u. In a very recent paper |[T|, Ackermann provided an in- 
teresting abstract framework in which multi-bump solutions can be obtained in many situations. It reduces 
the problem of constructing multi-bump solutions to the problem of finding an isolated solution with non- 
trivial topology in a specific sense. Using the abstract results in H], a very general result on the existence 
of multi-bump solutions to strong indefinite periodic semilinear Schrodinger equations (even with non- 
local nonlinearities) is obtained. However in 1 1 1, the result on the existence of multi-bump solutions for 
Equation (II. lb was obtained under the assumptions that the nonlinear term /(x, t) is and convex in t. 
Therefore, the question on the existence of infinitely many geometrically different solutions for Equation 
(II. lb without the assumption that / is odd in t or F{x, t) is convex in t was still left open. 

Theorem 11.11 of the present paper gives an affirmative answer to this open problem. In the present 
paper we shall show that Equation (II. lb has a solution ito ^ which has the properties that after reducing 
the corresponding functional of Equation (II. lb in a neighborhood of mq, the critical group of the reduction 
function in the critical point uq is nontrivial. Then using uq as a basic building block, we constructed 
multi-bump solutions for Equation (11. lb by a perturbation technique stemed from Chang and Ghoussoub 
(see 16J). To obtain such uq, we consider the approximation problem firstly: 



where Qk is cube of R''^ with edge length fc e N and H^^^{Qk) denotes the space of iJ^((5fc)— functions 
which are fc— periodic m Xi, i = 1, 2, • ■ • , N. The variational functional corresponding to (11.6b satisfies 
Palais-Smale condition and has linking structure (see [14]). Secondly, using the linking theorem (one 
can see [19] for reference), we can get a solution of (11.6b which satisfies that there exist finite many 
nontrivial solutions u\ i = 1, • • ■ , n of Equation ( II. lb and sequences {b%}, i = 1,2, - ■ ■ ,n such that 
^fe ^ ^il ^ i 7^ j as /c ^ oo and 



Finally, we show that at least one of it*, i — 1, • • • , n has the properties that its critical group of the 
reduction function is nontrivial. 

This paper is organized as follows: From Section 2 to Section 4, we use an approximation method, 
reduction methods and critical point theory to obtain the existence of a special nontrivial solution of 
Equation of ( II. lb which has the properties we mentioned above. In Section 5, we give the proof of 
Theorem ll.il In Section 6, we provide the detail proofs of some Lemmas stated in Section 3. 

Notation. M, Z and N denote the sets of real number, integer and positive integer respectively. i?£;(a, p) 
denotes the open ball in E centered at a and having radius p. The closure of a set A is denoted by A 
or cl{A). By we denote the strong and by ^ the weak convergence. dist(a, A) denotes the distance 
from the point a to the set A. diam(A) denotes the diameter of the set A. By kei A denotes the null 
space of the operator A. If / is a functional defined on a Hilbert space H, \7f (or df) and V^/ 
denote the gradient of / and the second differential of / respectively. And for a,b G M, we denote 
:= {u E H : f{u) < a} and fb {u E H : f{u) > b} the sub- and superlevel sets of 
the functional /, moreover, -.^ {u E H : b < f{u) < a}. Si,j denotes the Kronecker notation: 



Au + V{x)u 



.f{x,u), u e Hp^^iQk) 



(1.6) 



n 




J- 



If iJ is a Hilbert space and is a closed subspace of H, we denote the orthogonal 
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complement space of in iJ by W-^ . For a subset A C H, spanjA} denotes the subspace of H generated 
by A. 



2 A periodic approximation problem 

Associated with Equation jl.ll ). we study the approximation problem in cubes Qk of M.^ with edge 
length k eN 

~Au + V{x)u = fix, u) in Qk, u e Ek := H^^^iQk), (2.1) 

where Hp^j.{Qk) denotes the space of _ff^((5fc)— functions which are fc— periodic in x^, i = 1, 2, • ■ • , N. 
The operator —A + V on L^^^iQk) has discrete spectrum with eigenvalues Afc^i < \k,2 <•■•—> +oo 
and there exists a finite min{j : \k,i > 0}. Moreover, every eigenvalue Xk.i is contained in the spectrum 
of — A + F on the whole space. This follows from the spectral gap around assumed in Reed and Simon 
(see HU). Therefore, if {—a, (3), a, /? > denotes the spectral gap around assumed in (V2). We claim 
that Xk^i ^ {~ct, P) for every fc, i G N. We denote by 0fe ^ the corresponding eigenfunctions. 

Let j{k) = min{j : Xk,i > 0} — 1. Now we define an orthogonal decomposition of Ek by Ek = 
Yk® Zk, where 

Yfc = span{(/ifc,i, • • • , Zk = Y,^. 

The associated energy functional to (12. Il l is 

J^(u) = ^ [ {\\/u\^ + V{x)u'^)dx - [ F{x,u)dx. (2.2) 
We may define a new inner product {■,-)k on Ek with corresponding norm 1 1 • \ \k such that 



WueYk, i\Vu\^ + Vu')dx = -{u,u)k^~\\u\\i, (2.3) 
JQk 



Wu£Zk, (|Vii|^ + = (w,u)fe = ||w||^. (2.4) 

JQk 

If we denote by Pk : Ek ^ Yk and Tk : Ek ^ Zk the orthogonal projections, our functional becomes 

'|2 llD_„,l|2\ 
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Jk{u) ^ -i\\Tku\\t ~ \\Pku\\i) ~ I F{x,u)dx. (2.5) 

Qk 



For convenience, we assume that Qk = (— , fcGN, then 

HleriQk) 

k k 

= {ue H^iQk) ■■ u{xi,- ■ ■ ,X^-l,--,Xi+l,■ ■ - ^Xn) = u{xi, ■ ■ ■ ,Xi-i, -,x^+i, ■ ■ -^Xn), 

k k 

(xi,-- ■,Xt-i,x^+i, ■ ■■ ,xn) e {--, 2)^~^ i = '^r--,N}. 

7N 



Let Zfc = Z/fcZ. For b e Zf and u e Ek, the action of b on u, we still denote it by u{- + b), is defined 



by the following way: For b = (0, • • • , 0, 1, • • • , 0) £ Zf and w G £;fc, 



u{x + b) = 



l{x — b) = 



u{xi, ■ ■ ■ ,Xi-i,Xi + l,Xi+i, ■ ■ ■ ,xn), -f < a;^ < I - 1 
u{xi, ■ ■ ■ ,Xt-i,Xi + 1 - k,Xi+i,- ■ ■ ,xn), I - 1 < a;^ < I, 

u{xi, ■ ■ ■ , Xi-i, Xi — 1, Xi^i, ■ ■ ■ , Xjs[), ~f + l^a;j<^ 

u{xi, ■ ■ ■ ,Xi-i,Xi - 1 + fc, Xi+i, ■ ■■ , xn), -| < Xi < -| + 1. 



Since V{x) and f{x,t) is 1— periodic in Xfc, fc = 1, • • • , A^, we deduce that Jk is invariant under the action 



ofZf. 
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Lemma 2.1. ( M4\ Lemma 2 ]) There exist constants Ci > and C2 > which are independent ofk such 
that for any u G E^, 

Cl\W\\m{Qk) < II^IU < '^2\\u\\m{Qk)- 

By the conditions (fi) — (is), we have the following Lemma (one can see ifTSl for reference): 
Lemma 2.2. For any k E Jk satisfies (PS) conditions. 

Lemma 2.3. ( 4731 Lemma 3.3] or /[Ml Lemma 4]) There exists ei > not depending on k such that 
\\uk\\k > ei, I |u| I > ei holds for any nontrivial critical point Uk of Jk and u of J. In addition, there exists 
£2 > not depending on k such that Jk{uk) > £2, J{u) > £2 holds for any nontrivial critical point Uk of 
Jk and u of J. 

Lemma 2.4. ( M4\ Lemma 8]) There exist real number 5 > and r > which are independent ofk such 
that mi Jk{u) > 5, where Nk — {z € Zk : \\z\\k = r}. 

Now for each k, we fix a function Zk E Zk with | | |fe = 1. For p > 0, we define the sets 
Mk = {y + tzk : \\y + tzk\\k <P, t>0,yE Yk}. 
Lemma 2.5. ( 4741 Lemma 9]) There exists a p > r which is independent ofk such that 

sup Jkiu) — 0. 

uedMk 

Lemma 2.6. ( 4731 Theorem 3.4] or fM} Lemma 10]) The number 

Ck = inf sup J{h{u)) 

is a critical value of Jk and there exists positive number M which is independent ofk such that < (5 < 
Cfc < Af < 00, where 

Tk = {hEC{Ek,Ek):h\QM, =id}. 

Let Xk be cut-off functions such that < Xfe Xfc = 1 on Qk-i, Xfc = outside of Qk and 

iVxfcl < C, fc- 1,2,-.-. 

Lemma 2.7. ( M3\ Theorem 5.1 ] or [14, Theorem 11 ]) Under the assumptions (fi) — (£3). Let Vk E Ek 
be a uniformly bounded sequence which satisfies J'f.{vk) — andck — Jk{vk) — > c > 0. Then there exist 
critical points v^, i = 1,2, 1/ of J and sequences d\. E such that as k — > cxd, d^j — > 00, z 7^ j, 



\Vk 



and J{v^) = c. 



i=l 

Let K and Kk be the sets of critical points of J and Jk, k = 1,2, - ■ ■ respectively. For a.h E M, let 
K'' -.^KD J", Ka:=Kn Ja, :^ K D J" n Jb and J^ n Kk- 

Let 

co = supcfc, (2.6) 

k 



where Ck is the minimax value defined in Lemma l2.6l Now we impose the following condition on Equation 

(*). There exists ao > such that /sT'^o+^o /z^ is finite. 
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Lemma 2.8. If the condition (*) holds, then the following three statements hold: 

(1) . There exists f3o G (0, ao) such that 

inf{||VJ(w)|| -.ueX, J{u)=ca+f3o} > (2.7) 
and there exists constant 63 > not depending on k such that 

mf{||VJfe(u)||fc -.ueEk, Jk{u) = Co + /3o} > eg (2.8) 

ifk large enough. 

(2) . There exist 60 > and kQ G N such that if k > fco, then for any Uk G K'^°'^^° , 

Be, {uk, So) n Kl°+^° = Be, {uk,So/2) n Kl"+'''> . 
It follows that when k > ko, for any uljuf. ^ K'j!'^^° , either \\u\~u1.\\k < 5(i/2or\\u\—ul.\\k > 

(3) . For any e > 0, there exists fc^ G N such that ifk > k^, then for any Uk G K'^°~^^° , 

BE,{uk, do) n K^'>+^'' = BEjuk,e) n 

where So is the constant appeared in (2). It follows that when k > k^^for any u\, ul G K"^"^^" , 
either \\ul - ul\\k < e or \\ul - ul\\k > ^o- 

Proof. By Lemma [231 we know that there exists £2 > such that for any u ^ K, J{u) > €2- Let 

L ^2 -I 

j 

1=1 

If c G (co, Co + ao) satisfies that there exists a sequence {um} such that as m ^ 00, 

J(«„) ^c, ||VJ(«„)|| ^0, (2.9) 

then by Proposition 1 .24 of ITJ, we deduce that there exist at most I nontrivial solutions Vi G A'^''^"" , i ~ 
1, ■ • ■ , I and I sequence {d^} C such that as m — > c», ~ ci^il — > 00, i ^ j,c — Ji"^^) ^^'^ 

I 

\\u^-Y^v\--d^^)\\^Q. (2.10) 

By the condition (*), we know that 

J 

A^iY^ Jiui) : l<i<j,l<j<lu,e A:'=o+"«} 

i=l 

is a finite set. It follows that the possible c G (cq, co + ao) which satisfies (12.91 ) is finite. If we choose 
Po G (0, ao) such that co + /3o G (co, co + ao) \ A, then ( I2.7l i holds. 

We are ready to prove that ( I2.8l l holds. If not, then there exists a sequence {uk} such that Uk G 
Sfe, Jk{uk) = Co + /?o, = 1, 2, ■ • • and 1 1 V Jfc(u/£)| |fc ^ as fc ^ cxo. Then by Lemma lZTj we deduce 
that there exist at most I nontrivial solutions ui G Ar^°+"° , « = 1 , • • • , I and I sequence {dl^^ } C such 

that as m ^ 00, |rfj„ - c?^| ^ 00, i j, co + /3o = Z^Li ^fc(^') ™d 

I 

iiu„-^«^(.-d:jiife^o. 
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It follows that Co + G a. It is a contradiction. Thus (|2.8l l holds. 
By the condition (*) and Proposition 1.55 of Q, we know that 

M = M(-^T(i^'°+"")) infdlx - y|| : x ^ y G .^,(7^^''+"'')} > 0. (2.11) 

Choose So = /i/2. If there exist two sequences {u\} and such that G ^^o+/3o ^ /j — i^2,---, i = 
1 , 2 and ^ < | - 1 1 < Jq, then by Lemma|Z7] we deduce that there exist vl,vl G Tj{K''°+°"> ) such 
that as fc ^ oo 

\\ul-vl\\k~>0,z^l,2. 

It follows that — w^ll < (5o < when k large enough. It contradicts the definition of fi. Thus the 
result of (2) holds. 

The proof of result (3) is similar. □ 



Remark 2.9. In fact, by Lemma 12/7] we get that as k ^ oo, 

dist{Kl^+'^\Tj{K''°+"'')) 0. 

By ( 12. 11 1 ), we A:noM' that !Fj{K'^"^'^°) is a discrete set. Thus K"^^^^" can be decomposed into a union of 
its subsets which are disjoint each other 



By Lemma 12781 we have the following Lemma 

Lemma 2.10. Suppose that the condition (*) holds. There exist positive integer mk > and nik subsets 
Kj^\ i = 1, 2 • ■ • , mfc of K'^"^^^° such that ifk > kg, then 

rrik 

1=1 

dist{K'l^\K\^^) > 5o, i ^ j and diam{K'f^) < do/2, i = 1,2--- , TOfe, where 5o, ko and Po are the 
constants appeared in Lemma |2~8] Furthermore, for any I < i < ni]^, as k ^ oo, 

diam{Kl!'^) 0. 

Proof. By Lemma |278l we know that if fc > ko, then K"^"^^" can be decomposed into a union of its 

(i) 

subsets Kf, ' which are disjoint each other. We show that the number of these subsets is finite. If not, by 

oo 

Lemma IZS] there exist kI!\ i = 1, 2, • ■ • such that K^''^'^" ^ |J if^*^ and dist(ii:|^'\ /c[^^) > Sq, i j. 

i=l 

Choose Ui^k G ' . Then Ui^k satisfies that 

|wj,fc - "j.fcll > (50, i ^ J. (2.12) 

By Lemma l272l we get that there exists a subsequence {wi„.fe} of {ui^k} and u G Ek such that ||wi„,.A: — 
m| Ifc ^ as m ^ oo. It contradicts ( |2.12t . Therefore, the number of if^*-* is finite. We denote it by m^. 
Finally, by the result (3) of Lemma |278l we get that diam(iir[.*'' ) as fc ^ co. □ 

Let H^{A, B) be the *— th singular homology group with coefficient Z2. By the definition of Ck = 
inf/igTfc niaxtjgMfc Jk{h{u)), the Linking Theorem (one can see ITSl or ||T9l for reference) and the proof 
of Theorem 7.5 of 1 4], we have the following Lemma: 

Lemma 2.11. Let6 — mm{S/2,e2} where 6 and 62 are the constants appeared in Lemma \2.4\ and Lemma 
\2.3\ respectively. then 

Hj^k)+iiJk°^^\jh^O- (2.13) 
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By Lemma IZS] we know that i — 1, 2, • ■ • , are isolated critical sets of Jfe. In ||6l, Chang 

and Ghoussoub provided a definition of critical group for isolated critical set. In (9] and fS], the authors 
defined the Gromoll-Meyer pair (for short GM-pair) for an isolated critical point for C^— functional. And 
in ||6|, Chang and Ghoussoub extended the definition of GM-pair into a dynamically isolated critical set 
(see Definition 1. 10 of |6 1). 

Let / be a functional on a Finsler manifold M (Banach space is a special case of Finsler manifold) 
with critical set Kf. And let V be a pesudo-gradient vector field V with respct to df on M. A pesudo- 
gradient flow associated with V is the unique solution of the following ordinary differential equation in 
M : 

■f] = Vi(?7(x,t)), ?7(a;,0) = x, 

where Vi{x) — g{x) and g{x) = min{dist(a;, Kf), 1}. A subset W of M is said to have the mean 

value property (for short (MVP)) if for any x E M and any <o < ti we have rj{x, [io, ti]) C W whenever 
r^{x,t,) eW, 1^1,2. 

Definition 2.12. (Definition 1.10 of [6]) Let f be a functional on a Finsler manifold M. A subset S of 
the critical set K of f is said to be a dynamically isolated critical set if there exist a closed neighborhood 
O of S and regular values a < b of f such that 

Ocf-^[a,b] (2.14) 

and ^ 

cl{0)C^Kf^f-^[a,h]^S, (2.15) 

where O — IJ^gR vi^j t)- i^i '^i ^) called an isolating triplet for S. 

After providing the definition of dynamically isolated critical set, the authors of |l6l give the definition 
of critical group for dynamically isolated critical set as follows: 

Definition 2.13. Let S be a dynamically isolated critical set of a functional f and let (O, a,b) be any 
isolating triplet for S. For each integer q, we shall call the qth homology goup 

Cg{f,s) = Hg{f''nd+,rnd+) 

the qth critical group for S, where — lJ(>o 

Remark 2.14. In 1^, the critical group is defined by the cohomology group of the topology pair (/'' n 
, /" n O"*"). Here we use the homology group instead. All results in [^6] still holds for homology group 
since the properties of cohomology the authors used in [6] are excision property and homotopy property. 

Definition 2.15. (Definition ULl of [6]) Let f be a functional on a Finsler manifold M and let S be 
a subset of the critical set Kf for f. A pair (W, W-) of subset is said to be a GM-pair for S associated 
with a pesudo-gradient vector field V, if the following conditions hold: 

(1) . W is a closed (MVP) neighborhood of S satisfying W H K — S and W Cl fa ~ 9 for some a. 

(2) . is an exit set for W, i.e., for each xq E W and ti > such that ri{xo, ti) ^ W, there exists 

to e [0, ti) such that r]{xo, [0, to]) CW and r]{xo, to) £ 

(3) . W- is closed and is a union of a finite number of sub-manifolds that transversal to thefiow rj. 

In 161, the authors proved the following theorem which can be seen as another definition of the critical 
group for a dynamically isolated critical set. 

Lemma 2.16. (Theorem lU.S of ^) Let f be a functional on a Finsler manifold M and let S be 
a dynamically isolated critical set for f. Then for any GM-pair {W, W-) for S, we have 

H,{w,W-)^H,{f''nd+,rnd+)^c,{f, s), 

where (O, a, b) is an isolating triplet for S. 
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By and Lemma |2. 101 we have the following Lemma 
Lemma 2.17. There exists an index ik satisfying 1 < ife < Wfe such that 

C,(fc)+i(Jfc,i^^^) ^0, fc=l,2,-... (2.16) 

Proof. It is easy to verify that ((Jfc)y cq + (3^,5) is an isolating triplet for the isolated critical set 
K'j^'^^", where 5 is the constant appeared in Lemma l2.11l and 

{Jk)f^^'" ^{ueEk : ? < Jk{u) < CO + /3o}- 
Thus by the Definition 12 . 1 3 1 and Lemma |2.1 11 we have 

C,(u)+i{Jk.Kl°^^'') ^ H^(u)+i{JI°^^\jI) (2.17) 

Let 

i 

C = {II J^^^) I 1 < « < 1 < J < I e X^o+^o} n (-^, Co + /3o]. 
i=l 

By the condition (*) we know that C is a finite set. Without loss of generality, we may assume that 

^ — {^1 1 ' ' ■ 7 ^no }■ 

and ci < C2 < • ■ • < c„(, . Thus by Lemma 2.7, we get that 

d\ii^.{Jk{Kl"+^'>),C) ^0, fc ^ oo. (2.18) 

Choose Co = imin{cj - c,_i | i = 2, ••■,no}. For < e < eo, let K^^^ = K^l^ n {Jkfc^J^-, 

j = 1, - ■ ■ ,di, i = 1, • • ■ , ruk- By Lemma 2.8 and Remark 2.9, we know that if k large enough, Kj^ 
does not dependent on e. 

By Proposition 2.2 of Q, we get that for any < 6 < fi (for the definition of /i see (2. 1 1) in the proof 
of Lemma 2.8), there exists constant ?5 > such that 

inf{||VJ(u)|| I u e r'>+°'° \ Ns{Tj{K'">+°'°))} > 0. (2.19) 

Then by Lemma 2.7, we get that there exists constant > which is independent of k, such that 

inf{||VJfc(u)|| I u e 4°+''° \ Ns{Kl°+^")} > <;s > 0. (2.20) 

By LemmajZl we get that diam(ii:|.*') as A: — > cxD and dist{Kj^\Klf^) > 5o, i ^ j, when k 
large enough. Thus by (12.181 1, (12.201 1. Section 2 of |l9| or page 49 and page 50 of [5], we know that we can 
choose 5 G (0, 5o) and e G (0, eo) such that there exist GM-pair , W^- ) of i^rf ^'^ such that 

W^c{u(^Ek : dist{u,Kj^^) <S/A}, j = l,---,d,, i = 1, 2, • • • , m^. 
Thus (IJ VFi, y ly-) is a GM-pair of Kl"^/^" . By dTTTb and Lemma|2j6l we get that 

i=l i=l 

■irik rrik 

Hm+ii[j U W-) - C,(fc)+i(Jfc,i^,=°+*') = i/,(fc)+i(J,^«+'3°, 4) ^ 0. (2.21) 

i=l 1=1 

Since Wi and Wj are disjoint if i ^ j, we get that 

^.(fc)+i(U U - 0^^.-W+i(^., (2.22) 

i—1 i—l i—1 
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By Lemma |2.16l we have 

Hj{k)+i{W,,Wr) - C,(fc)+i(Jfe,i^l'^ (2.23) 

By (|rT7|) - (im . we get that 

"if: 

0C,(fc)+i(Jfc,iff) - C,(fc)+i(Jfc,if^«+'^°) ^ 0. (2.24) 

i=l 

Thus there exists an index it satisfying 1 < u- < rrik such that C^jfej+i ( Jfc, K^'''^) ^0. □ 

3 A reduction method 

Let iC^"''' satisfy ( 12.161 ) and Ufe e k\^''\ k = 1, 2 ■ • • . By Lemma IZTl we know that there exist a 
positive integer n, n functions e ^co+ft)^ j — 1, • • • , n and n sequences {h\] C Z^, i = 1, • • ■ , n 
such that as /c — > oo, 

n 

- 6^1 ^ for any z ^ j and - ^i^- + 6I.)|Ui(q,) -> 0. (3.1) 

i=l 

Without loss of generality, we may assume that — * +oo as fc ^ cxd, i = 1, • • ■ , n. 

The proofs of the following four Lemmas shall be provided in the appendix. For convenience, we 
denote //(a;, i) by f'[x,t). 

Lemma 3.1. The following limit holds uniformly for anytpk^ipk G Ek which satisfy \\ipk\\k ^ 1, llv'fcllfc 
1, 

lim / \J'{x,Uk)- nx,Y,u\- + b\,))\-\^}:k\-Wk\dx = {). 

Lemma 3.2. If{vk} and {vk] are two bounded sequences in H^{M.^) which satisfy that \\vk —Vk\\ — > 
as k ^ oo, then the following two results holds: 

(1). The Limit 

\f{x,Vk) - f{x,Vk)\ • ^ 0, A: ^ oo 



holds uniformly for ip G iJ^(R^) which satisfies \ \lp\\ < 1. 
(2). The Limit 

/ \fix,Vk) - f'{x,Vk)\ • • -01 ^ 0, fc -> CX) 

holds uniformly for If ^ij} G iJ^(R^) which satisfy \ \ < 1, Wi^W < 1- 
Lemma 3.3. As fc — > cxd, the limit 

„ n n 

/ \nx, n\- + 6^)) - fix, u\- + 6^)1 • ■ A\dx ^ 
•^Qfc i=i i=i 

holds uniformly for any ipk, fk G Ek which satisfy that \ \(pk\\k < 1, HV'fellfe ^ 1- 

Lemma 3.4. (1). Suppose u^. G -Efc, a), G Z^, i = l,2,---,ri which satisfy that for any i ^ j, 
— aPj^l — > oo as fc — > oo. T/zen as k ^ oo, f/ze Z/m/f 

n n 

/ ^ 4C + 4) - E ^ki- + aim ' l^fc " i^k\dx ^ 

•^Qfc i=i i=i 

holds uniformly for any ipk, (fk G -Efe which satisfy \ \ipk\\k ^ 1, HV'fcllfc ^ 1- 
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(2). Suppose G (IR^), cife G i = 1, 2, • ■ • , n which satisfy that for any i ^ j, |aj. — a-[,| ^00 
as A: — > 00. 77ien as k 00, the limit 

^ n n 

/ ^ v\- + 4) - ^ /'(x, ^;^(. + aim ■ 1^ • ^M^; ^ 

holds uniformly for any ip, (p E which satisfy \ \ < 1, !^ 1- 

Lemma 3.5. Suppose that Vk G ker V^Jfe(ufc) one/ HffcHfc = 1, k = 1,2,---. Then there exist G 
ker J(u'), z = 1, • • • , n iwc/z that as k ^ 00, 

n 

lk-E^''(- + ^fc)ll«MQ.)-^0- 

Proof. Since Wfc G ker Jfe(Mi;), we have 

- Avk + V{x)vk = f'{x, Uk)vk, in Ek- (3.2) 
By Lemma lTTI and Lemma [331 we know that the limit 

lim / \nx,Uk)-y2f'{x,u\- + bl))\-\^k\-\Mdx = 

holds uniformly for (^fe , 0fe G Ek which satisfy HipfeHfc < 1, HV'felU < 1. Assume that — b\)—^ in 
Hl^{M.^) ask ^00. By \\vk\\k = 1, we deduce that G H^{R^). 
By 

-Avki- - bl) + V{x)vki- - bl) = f'{x,uk{- - bl))vk{- - bl) in i?,, 
and Vki-- bl) ^ v' in i?/<,,(M^), we get that 

- Ai;^ + V{xy = f{x, u'y in i/i(R^), (3.3) 

i.e. G ker J(u'), i = 1, • • • 

Recall that Xk be cut-off functions satisfying that < Xfe < 1; Xfe = 1 on Qk-i, Xk = outside of 
Qk and | Vxfe| < C. Set = Xfcw', we have e E^-lf ip e E^., then by ( 13.31 ). we have 



JQk 



fix, u') ■ ■ ixk'p) - / fVv'Vxk + / Wxk^V 
Qk JQk JQk 

fix, u') ■ ixkv') -ifi- f cpVv'Vxk + I v'^Xk^V 
Qk JQk JQk 



fix, n^).vl-p- / pWVxk + / w^VxfcV^. 

Jm"\Qk JTSL'^\Qk 

It follows that for any ip E Ek, 

V<(- + 6I.)V^+ / V{x)vl{- + bl)p 
JQk 

f'{x,u^i- + bl))-vl{- + bl).p- f {W{. + bl).Vxki. + bl))-p 

JQk 

+ f v'{- + bl)Vxk{- + bl)-Wp. (3.4) 
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By ( |34] i, we get that 

f'{x,u\- + bl))-Vk-V 



Qk 

+ [ fix,u\- + bl))-vli- + bl)-^- [ f'ix,u\- + bl))-vk-ip 
JQk JQk 

+ [ v^i- + 6I,)Vxfc(- + bl)-V^~ [ (Wi- + bl) ■ Vxki- + bl)) ■ ^ 



Qk 



(3.5) 



By (I3.2I > and (I3.5I >, we get that for any ip G Ek^ 

/ VK - E + bk)) • + / v{x) • K - E ^^(- + ^fc)) • ^ 

n 

{f{x,Uk)~Y.f'(^^'''(- + ^k)))-Vk-V 

' i=l 

[ f'{^,u\- + bl))-{vU- + bl)-Vk)-'P 
z=i -^Qfc 

- E / + bD^^ki- + bl) • vy. + E / (v«X- + • vxfe(- + bl)) ■ ^. 

i^i JQk i^i JQk 

(3.6) 

Since Vk{- ~^k) ^ ^lod^^) as ^ oo, we get that the limit 



k — ^■oo 



lim / nx,u\- + bl))-{vl{- + bl)-Vk)-^ = (3.7) 



Qk 



holds uniformly for (p ^ which satisfies \ \ip\\k < 1. By Lemma ITTI and Lemma [33l we know that that 
the following limit holds uniformly for (p G Ek which satisfies \ \(p\\k < 1, 

lim / if'ix,Uk)-y2f'{x,u\- + bl)))-Vk-^ = 0. (3.8) 

fc— »oo Jn 

JQk i^i 

Furthermore, the following limits hold uniformly for (p ^ E^ which satisfies \ \(p\\k < 1, 

lim / v\- + bl)\/xk{- + bl)-V^= \im [ v\- + bl)Vxk{- + bl) ■ ^ 0, (3.9) 



k—>-oo J fc— >oo 



lim / (V«^(- + bl) ■ Vxk{- + bl)) ■ ^ = lim / (V«X- + bl) ■ Vxki.- + bl)) • ^ = 0. (3.10) 

^^°°JQk '^^°°jR"\Qfc 

By p.6p — (|3.10l) . we deduce that the following equality holds uniformly for ip £ Ek which satisfies 

M\k < 1, 

/ VK-E«fe(- + &l))-V^+ / V{x)-{vk-J2^li- + bl))-^^o{l),ask-^^. (3.11) 
•.'Qfc JQk 
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Recall that Pk : ^ Yk and Tk : Ek Zk are the orthogonal projections. Choose (p = Tk{vk — 
Yh=i "fe(' + K)) V = Pk{vk - Ya=i ""ki' + K)) respectively in (13. lU , we get that as fc ^ oo, 

n n 

\\Tk{vk-Y.vl{. + }^k))\\k^(^, \\Pk{vk-Y.vl{- + Vk))\\k^Q. 

i=l i=l 

Therefore, as fc -> cx), | \vk - X^Li ^fc (' + ^1)1 U- ^0- ^ 
The following notations will be used in this and the next Sections. 

• Let Ni — ker V'^J{u^) — span{ei^i, • • • , e^.;. }, where li — dim A^,;, i = 1, 2, • • • , n and (e^.s, ei,j)x = 

n 

• LetN^ ^ span{{xke^s){■+bi),■ ■ ■ AXke,A^)i-+bi)} ^ Ek, i = 1, 2, • • • , n, = span{|J iVf } C 
Ek and 11^ = A^, the orthogonal complement space of A^ in Ek- 

n 

• Let TV/' = span{e,4(- + 6*.),---,ei,i,(- + 6*^)}, i ^ A^ = span{|JiVf} C X and 
life — (Afc)^, the orthogonal complement space of A^ in X. 

• Let Nf = span{xfcei,i, • • • , Xkei^} C Ek, i ^ 1,2, ■ ■ ■ ,n. 

• For convenience, denote (xfcW*)(- + &fc), Xfc"% (Xfceij)(- + 6^) and eij(- + 6^) by m^, w^je^^^and 
e^j respectively, j = 1,2, ■■■ ,li, i — 1,2, ■ ■ ■ ,n. 

Lemma 3.6. There exists fco G N, (5o > andrj > which are independent of k such that 

(1) . ifk > ko, then for any u 6 BEk{uk,So), the operator 

Tk o Jfc(M)|nfc : life ^ life 

is invertible and 

IKTfcO vVfcHlnJ^'ll <ii, k^l,2,---, 
where Tk '■ Ek — > life is the orthogonal projection. 

(2) . ifk > ko, then for any u G Be^.{u\., Sq), the operator 

is invertible and 

||(P(^.), oVVfe(M)|(j^.)J-i|| <77, fc = l,2,-.-, 
where P(^fjk-^± ■ Ek (iVf )^ is the orthogonal projection. 

Proof. We only give the proof of the result (1), since the proof of the result (2) is similar. If the result (1) 
is not true, then there exists a sequence {uk} such that Uk £ Ek and as fc oo, 

\\uk -Uk\\k 0, ||Tfc o V^Jfe(ufc)|nJ| 0. (3.12) 
By (|3.12| i. we know that there exists Vk £ life satisfying | |ufe | |fe = 1 and as k ^ oo, 

||rfe(vVfe(ufcK)||fc ->o. (3.13) 

step 1. We shall prove that if Vk{- - bl) v' in iJi^^(R^), then v' e ker VV(u*), i = l,---,n. 



13 



Choose G (ker J(m*))^. Let Lpk — XkV- Then ifk G Ek- Assume that 

where ipk & Ilk and tpk £ Afc. Since limfc_oo lb].] = +00, we deduce that for any u G ker J(w*), as 
k ^ (X), the limit 

It follows that ||i^fc||fc ^ as fc — * 00. Thus as fc ^ 00, 

ll^fc(- -6fc) ~fk\\HHQ^) 0. 

By (13.131 1. we get that as fc — > cxd, 

(y^Jkiuk)vk,ipk)k 

= / Vvk-Vipk+ V{x)vk-ipk- f'{x,Uk)-Vk-ipk^O- (3.14) 
■JQk JQk JQk 

Note that Vk{- - - in i/L(M^), " ^ «^ i" HU^^) and - bl) ^ ^ in i/L(K^), 
by (ITT4] | and 

lim / f'(:c,Uk{--bl))-Vk{--bl)-^ki-~bl)= [ f{x,u^)-v^-ip, 

we get that 

( \7v'-Vip+[ V{xy-ip-[ f'{x,u'y ■(p = 0. (3.15) 

JR« Jr" JR" 

Since is an arbitrary function in (ker J(?i'))^, by ( 13.151 1. we have e ker J(m*). 

Step 2. We shall prove that = 0, i = 1, ■ ■ ■ ,n. 

By the result of Step 1 and the definition of Ak, we know that XkV^{- + b].) G Afe. Since Vk G Ilfc, 
we get that {vk,Xkv'{- + bl))k = 0, i.e., - 65,),XfcwOfc = 0, fc = 1, 2 • • •. By - 6*^) ^ in 
i„^(M^) and XfcW* ^ in i/;i„^(M^), we get that as fc ^ 00, 

- bl:),XkV')k l|w'llffi(R«). 

Thus = 0, i — 1, ■ ■ ■ ,n. 

Step 3. We shall prove that as fc 00 , \ \V^ Jk{uk)vk\\k . 

Since \\Tk{V'^ Jk{uk)vk)\\k ^ as fc ^ 00, by the definition of , to prove this claim we only need 

n 

to prove that for any u G [J , as fc — *■ 00, 

i=l 

{'^'^Jk{uk)vk,u)k 0. 

Without loss of generality, we may assume that u ~ Xk'fii- + b]^), where ip ^ Ni for some i. Then 

iV^Jk{uk)vk, XkV{- + b'k))k 

= I VvkV{xk^{- + bl))+ I V{x)vk-XkV{- + bl)- I f'{x,Uk)vk-XkH- + bl) 
JQk JQk JQk 

= f V{vk{--bl))-V{xk^)+ f V{x)vk{-~bl)-XkV 
JQk JQk 

~ f'ix,Uk{- -bl)) -Vki- -b^.) ■ XkV- 
JQk 
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Since 

Vki- - bl) - in HUR^), (by Step2) 

M- - K) ^ in HlM^), (by (EHi and (lOl ) 
by ( 13.151 1. we get that as fc ^ oo, 

lim (V^Jfe(ufe)wfe,Xfe</3(- + 6fe))fe 

A; — *oo 

This proves the resuh of this step. 

Step 4. We are ready to prove that 1 1 Wfe 1 1 fe ^ as fc oo . Then it induces a contradiction since 1 1 Wfe 1 1 fc = 1 
for any k. We prove | |PfeWfe | |fc — ^ as fc ^ oo firstly. 
Since 

{'V'^Jk{uk)vk,PkVk)k^{vk,PkVk)- f\x,Uk)vk ■ {PkVk), (3.16) 
by drni i, dTTT i and Lemma[33] we get that as fc — !■ oo, 

f f{x,Uk)vk-{PkVk) = y^ I f{x,u\- + l^^))vk-{PkVk) + o{l). (3.17) 
JQk JQk 

By ( 13.171) and the fact that Vk{- - b\) ^ in i//^^(R^) (see Step 2), we get that as fc ^ cx), for 
i = 1,- • • 

/'(x,zi'(- + 6DK-(^fcf;o)= / nxy)vk{-~Vk)-{PkVk){--V\,)^0. 

k Qk 

Thus as fc ^ cxD, 

/'(a:,UfeK-(Pfei;fc) = o(l). (3.18) 



By Step 3, we get that as fc — > oo, 

{V^Jk{uk)vk,PkVk)k-^()- (3.19) 
By ( I3l6] l. dTTSI l and ( l3l9] l. we get that as fc -> oo, 

-\\PkVk\\\ = {vk,PkVk)k "> 0. 



In the same way, we can prove that | \TkVk 1 1^ as fc -> oo. Thus | | |fc = \/\\TkVk\\l + \ \PkVk\\l 
as fc — > oo. It is a contradiction. This completes the proof of this Lemma. □ 



Lemma 3.7. There exists fco > such that for fc > fco, dim Afc = ^ k. 

1=1 

Proof. By the definition of A^, we know that dim < ^i- Note that if i 7^ j, then for any e 

iVf , e which satisfy that || — 1 and || = 1, (uf , )fc as fc ^ 00, since \b\ - ^ 
00, i ^ j. Thus there exists fco > such that when fc > fcg, Xkeij{- + 6^), j = 1, • • • , ^i, i = 1, • • • , ti 
are linear independence. Hence dim A^ > J^^^i when fc > fco. It follows that dim A^ ~ J2^=i when 
fc > fco. □ 
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By Lemma [XTI we can define an equivalent norm on (and N^, N^, N^, Afe as well) by 



\ i=l i=i 



,2 



where h — X^iLi Sj'=i -^ij (Xfe6ij )(' + ^fe) S A^,. In the left part of this section and the next section, we 
use III ■ III as the norm of Afe (and Nf , , iV/"', Afe as well). 

Lemma 3.8. There exist /cg > 0, (5o > and tq > which are independent of k such that when k > ko, 
the following five statements hold: 

(1). There exists a —mapping 



such that Wk(0) = and for any h G 3/^^,(0, So), TkV Jk{uk +Wkih) + h) = 0, whereTk : Ek 
life is the orthogonal projection. 

(2). There exists a —mapping 



such that Wfe(O) = and Pj-^fc^^ VJfe(w^ + w\{h) + h) = for any h £ Bj^k{0,So), i 
(3). There exists a —mapping 



1, 2, • • • , n, where P(ffk\± ■ Ek — > (N^)^ is the orthogonal projection. 



c^' :Sjv. (0, Jo) ^5(^.^)^(0, To) 



such that aj*(0) — and P(^j^.-j±V J(u^ + Lu^{h) + h) ^ 0/or any h ^ B^.(0, 6o), i = 1, 2, • • ■ , n, 
where Pj^Vi)^ ■ ^ ^ (-^i)^ ''^ orthogonal projection. 

(4). There exists a —mapping 



Wfe : P^fc(0,(5o) P(^fc)i(0,ro) 

such that w|(0) = and Pi^j^h-^±V Jk{u\ + w],{h) + /i) = 0/or any G i3^fc(0, (5o), * = 
1, 2, • • • , n, where P(^j^k^± : Ek (A^f )^ is the orthogonal projection. 

(5). There exists a —mapping 

Wk : B~iOM ^ Sn^(0,ro) 
^Mc/z {Ca: (0) = and for any h G Bj^^ (0, Jq), 

n 

PuVJ{J2 n\- + &i) + Wk{h) + /i) = 0, 

4=1 

where P^^ : X life w the orthogonal projection. 

Proof. We only give the prove of result (1), since the proofs of the other results are similar. Set Ik{w + 
h) = TkVJk{uk + w + h), then /fe(0 + 0) = 0. By Lemma [TSl we know that there exist ko > and 
(5o > such that when k > ko, TkVIk\uk — TkV^ Jkiuk + w + /i)|nfc is invertible if ||w + h\\k < Sq 
and there exits rj > such that ||(TfeV/fe|nfc)^^|| < V for any k > ko- Then by the implicit functional 
theorem, we get that there exist tq > and a —mapping 

Wk : bZJOM ^ Sn,(0,ro) 
such that Wfe(O) = and Ik{wk{h) + h) ^ 0. □ 
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Remark 3.9. Since is invariant under the action ofl^ , we get that 

U li 
(^UE^».^-Xfee^,))(- + 61) = wliY^x^^.el^). (3.20) 

If / : i? F is a map between two Banach spaces E and F, we denote the derivative operator of 
/ at u by f'{u) and the action of f'{u) onv&Eis denoted by f'{u)v. The proofs of the following two 
Lemmas will be given in appendix. 

Lemma 3.10. For any 1 < i < ri, the following two statements hold: 

( 1 ) . As k oo, 

j=i j=i \ j=i 

(2) . As k oo, for any 1 < s < li and 1 < i < n, 

h li 



For h e Afe, h = ^^"^^ XiJ^ij, we denote hi = I]i=i ^ijf^ij^ i = 1, • • • , n. 

Lemma 3.11. (1). Ask ^oo, 

n n n 

sup{\\wkC^hi) -^wl{h^)\\k : h^^h.e Ba,{0,So)} 0. 

z— 1 -i— 1 2—1 

(2). As k oo, for any 1 < j < 1 ^ ^ £ ^t-, 

n n n 

s— 1 s— 1 s— 1 

4 Critical groups of reduction functions 



0. 



Fori = {xi.i, - ■ ■ ,xi.i^, - ■ ■ ,Xn,i, - • ■ ,Xn,iJ £ BjjEj-^j (0, (5o), we define 

n li n li 

2—1 j — 1 i—1 j — 1 



where B^j:^^^ (0, <5o) = {a: G M^-^ : y^ELi E -=1 < ^o}- 
Denote Xi = {xi^i,- ■ ■ ,Xi^i^) e Bri^ {Q,So) and 

/'(xj) = J(u' + cj'(E ^hi^i,]) + E ^^d^i,])^ i = 1, 2, • ■ • , n. 
By (13.11 1. (13.201 1. Lemma [3.1 H and Lemma 13.101 we have the following Lemma 

n 

Lemma 4.1. Ai fc — > oo, ||/fc(x) -~ ^ -^^(s^OII 



C"(^.E"_,!,(0>'5o/2)) 



2—1 
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Proof. Let 

li h 

Ai^i) = JkiWk + ^^J^L) + H ^^jefj)' » = 1, 2, • ■ • , n. 

Then by Lemma p.lll we have 



2—1 

Let 

h li 

Iki^i) ^ JkiK + ^kC^^t,jXket,j) +^XijXkei,j), i = 1,2, ■ 
Then by Lemma [3. 101 we get 



W^k -^*llci(B ,^ (0,5o/2)) ^ ^' ^ ^ i — 1, • • ■ ,n. 



By the invariance of the action on Jk and (I3.20l i. we have 

Uix^) = Iki^i)^ i = 1,2,- ••,n. 
By (|4!2)) - (|44)) we get the result of this Lemma. 

By the properties of Wk and w*, we have the following Lemma 
Lemma 4.2. (1). Ifx^ e Bj^e^^i !i (0, (5o/2) is a critical point of Ik, then 

n li n li 

nk + wkiY, E + E E 

i—l j—1 i—1 J — 1 

!S a critical point of Jk ■ 
(2). Ifx^ e 'i (0, <^o/2) w a critical point of P , then 

li li 

3=1 3=1 

is a critical point of J. 

Proof. We only give the proof of result (1), since the proof of result (2) is similar. Ifa;° € 
is a critical point of Ik, then for any Xs,t, 

^ dikix') 



dxs^t 

n li n li n li 

vjkiuk +wk{j2J2 ''h'^h) + E E "'fe(E E ^j-^j)^ 



2—1 J — 1 2—1 j — 1 2—1 i—l 

n n 

V Jfc(ufc + ^ <jej=,,) + E E ^L-et"). <t 

z— 1 J — 1 i—l j — 1 



Since u^^d^Li ^i,j^i,j^^s,t ^ result (1) of Lemma [l8l we get that 

71 li n li n li \ 

vjk{uk + wkiY, E ^h^h) + E E ^j^t-), <(E E I = 

i — l J — 1 2 — 1 J — 1 2 — 1 J — 1 
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By < |43] t and we get that for any I < t < Is- I < s < n, 



n li n li 

vMuk <Ai) + E E <t I = 0. (4.7) 

i—l j — 1 i—1 j — l 



k 



By < |4.7| > and the resuh (1) of Lemma [TSl we know that 

n li n li 

■J 



uk + E <A,) + E E <Aj 

i=l j = l i=l j = l 



is a critical point of Jk ■ □ 

Remark 4.3. By the condition (*) and Lemma \A.2\ we know that is the unique critical point of P{xi) in 
Bjji. (0,(5o), i = 1, • • ■ ,n. 

By Lemma ITS! we know that o V'^Jk{uk) is a bounded, invertible and self-adjoint operator in 
Hilbert space life. Let Pf}^ (resp. P^T) be the orthogonal projection from Ek into the positive (resp. nega- 
tive) subspace (resp. H^) with respect to the spectral decomposition of Tk o Jfe(Mfe). By Lemma 1 
of (m, we have the following Lemma: 



Lemma 4.4. For any u G Bs^iuk, Sq /2), u has the unique decomposition u = Uk + w + h where w G life 
and h G Afe. There exist a dijfeomorphism '^k ■ BE^.{uk, 6o/2) — > Ek which satisfies that "^{uk) = Uk 
such that for any u = Uk + w + Yl"=i ^hj'^ij ^ {uk, (5o/2), 

n li n li 

= \\p^w\\i - \\PkM\l + Muk+wk{Y,Y.^^'i^lj^+Y.J2''^'i^ljy 

i—l j — 1 i—l j—1 

Remark 4.5. By Lemma IZS] we know that if k large enough, then k\^''^ C BE^iuk, <5o/2). Let ICk ■— 

{x G !, (0, (5o/2) : there exists u G i^fe"°\ such that Pj^^{u - Uk) = Z]"=i ^Jjef^j}, 

where Pa^ ■ Ek ^ Ak is the orthogonal projection. Then by Lemma 14.21 ICk is the critical set of Ik in 
B-^j2f^i h (0, Sq/2). By Lemma \T^ we know that diam{ICk) ^ as fc — > oo. 

Lemma 4.6. Ifk large enough, then there exists integer fhk which satisfies that < fhk < X]r=i such 
that Cff,!^ {Ik, ICk) ^ 0. 

Proof. Let {Wi, W^) and {W2, W^) be the GM-pairs for the functionals Jk{w + h) = \\w\\l - \ \h\\l 
in the unique critical point and Ik in the critical set ICk respectively. Then by ||5] Lemma 5.1], we know 
that {Wi X W2,{W^ X W2) U {Wi x W^)) is a GM-pair for the isolated critical set ^-^{K^^"'') of the 
functional Jfe o \l>fe. Then by Theorem 5.5 of ['5 |, we get that 

a(JfeO«'fe,*-i(x("=))) = a(Jfe,O)0a(/fe,/Cfe). (4.8) 
Since C,(Jfc, 0) = (5_^^;,^^fj-Z2, by gjll, we get that 

C,{Ik,ICk) = C^+^,^^-iJk0^k,^k'(Kt'>))- (4.9) 
Since a(Jfc o *fe, ^^^Kj^"^) ^ C4Jk,Kj^''\ by (E^, we get that 

C,(/fe,/Cfe) - C^+^.^^-iJk.Kj:''^). (4.10) 

By LemmaHniand gJOj, we have C^(fe.)_dimn-+i(^'«' -^fe) - C,(^k)+i{ Jk, Kj^'"^) + 0. Let mfe - 
j(fc)— dimIIj^ + 1. Notice that Ik is a function defined in some subset of R^»=i we get that Cq{Ik,ICk) — 
if g > ELi Thus < rnfe < h- □ 
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Lemma 4.7. Let [W^W-) be a GM-pair of the isolated critical point of Pjxj) with respect to 

2 = 1 

~'^(S"=i ^^i^i)) '^^^ ^ C iJjgEjLi 'i ('^i '^0/2) • ^ large enough, then (VF, is also a GM-pair of 
the isolated critical set fCk of Ik with respect to certain pseudo-gradient vector field of Ik- 

Proof. Since diam(/Cfc) 0, as fc 00, we know that there exists ?■ > such that if k large enough, 
then Sjjsji^^ 1; (0, r) C int(M^), the interior of W, and Kk C ^rEJLi h (0, r'/4). Note that 

n 

/3:=inf{||d(^r(x,))|| : a; G \ 5^,^?., (0, r/2)} > 0. 

1=1 

Define p e C2(M2:r=i '.,R) satisfying 

_ r 1, xGi?j,E^^,,,(0,r/2) 



with < p{x) < 1 and a vector field 



0, a.^i?RE?.i<.(0,r), 



Choosing < e < /3/4, by Lemma [43] we know that if k large enough, then 

k 

||4.(:r)-^r(x.)||c:( ^^^„^^,^(0.,-o) )<^- (4.11) 



We shall prove that ||y(a;)|| < 2\\dlkix)\\ and (F(a;), d/fc (x)) > ||d(/fe(a;))|p, where (•, •) denotes the 
inner product in K^'=i . 

By ( 14.11b . we know that for any x ^ B^T.f^i h (0, r/2), 

n 

\\dlk{x)\\ > ||d(^r(x0)||-e>/?-e>3e. (4.12) 



Thus we have 



and 



{V{x),dlk{x)) 

= (^l{p{x)dh{x) + (1 - p{x))d{J2 dh{x)^ 

= i^{dlk{x) + (1 - p{x)){d{Y, P{x,)) - dh{x))), dh{x) 

> ^i\\dh{xW~e\\dIkix)\\) (by 633) 

> l{\\dh{xW-^\\dhix)\\') 
= WdlkixW 



o n 

\\Vix)\\ = \\-iil-pix))d{^rix.))+pix)dhix))\\ 

i=l 



< 2\\dh{x)\\ (by 6311)). 
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Since for any x e -BjjEJLi 'i C-*' ^(2^) = dlk{x), the verification is trivial. 

Notice that V{x) = -rf(I]r=i ^^(^^i)) outside a ball iJjjEiLi (0, r) C int(Ty). It is not difficuh to 
verify that {W, W- ) is a GM-pair of Ik (x) with respect to V. □ 

Lemma 4.8. There exist an index Iq satisfying 1 < < n and a nonnegative integer TOq satisfying 
0<mo < X;-Li k such that C„j„(r°, 0) ^ 0. 

Proof. Let {W, W~) be a GM-pair of for 'he isolated critical point which satisfies that 

W C -BrE?=i i. (0, (^0/4). Then by Lemma 1431 we know that (W, W~) is also a GM-pair of h for the 
isolated critical set ICk if k large enough. Thus by Lemma l2.16l and Lemma |431 we get that 

n 

Cm„(5I^'(^^)'0) =^™'^(^'=''^'=) (4-13) 

By ||5] Theorem 5.5], we get that 

n n 

a(^r(a;0,0) = (g)a(r,0). (4.14) 

1=1 i=l 

The result of this Lemma follows from (14.131 1 and (14.141 1. □ 



5 Proof of Theorem 1.1 



If the condition (*) does not hold, then Equation ( II. Il l has infinitely many geometrically different 
solutions and the proof terminates. In the following, we always assume that the condition (*) holds. 

We denote by uq, where io is the index appeared in Lemma |4~8] By the condition (*), we know that 
Mo is an isolated critical point of J. We will use uq as a basic "one-bump" solution to construct multi-bump 
solutions for equation (II. lb . 

For positive integer m > 2 and bi G Z^, i = 1, 2, • • • , to, denote ui^ = uo{x — bi), i = 1, 2, • • • , to. 
For k — (bi, ■ ■ ■ , bm) £ (Z^)™, denote Wk = SIILi ""bi — min{|6i ^ bj\ : i ^ j'}. Let 

TV be the kernel of J(uo) and let M — spanjei, • ■ • , e;}, where I ~ dimA/" and e^, i — 1, • • • , Z 
satisfy (e^, ej)x = ^i.j- Let TVi,. be the kernel of J(w(,.), i = 1, 2, ■ • • , m, then Mhi = span{ei(- — 

• ■ • ,ei(- - Let A/lc = span{7Vb, : i = 1, 2, • ■ • , to} and Zk = (A/lc)^ C X. 



As the same argument as Lemma 13781 and Lemma 14721 we have the following two Lemmas: 



Lemma 5.1. There exist 5 > and a —mapping cu : B^i (0, 6) 7V^ such that 

I 

(1) . Pj^±V J{uo + uj{xi, ■ ■ ■ ,xi) + ''^^XiCi) — and uj{0) = 0, where Pj^± : X is the 

i=l 

orthogonal projection. 

(2) . If{x\, ■ ■ ■ , x^) is a critical point of J{uq + uj{xi, • ■ • , a;;) + ^^^^ + ^{xi, ■ ■ ■ ,xi) + 

Si=i ^i^i critical point of J. 

Lemma 5.2. There exist L > and S > such that if lu > L, then there is a C^— mapping : 
B^mi (0, d) Zk satisfying that 

m I 

(1) . PzkVJ('Uk + Wk{xi,l, ■ ■ ■ ,Xi^i, ■ ■ ■,Xjn,l, ■ ■ ■ ,Xm,l) + ^^^i^J^^ji' " ^0) = 0- 

1=1 j=l 

(2) . if{xi 1, • ■ ■ , x'^ i) is a critical point of 

m I 

J(wk + Wk(a;i,l, ■ • -,3:1,;, • ■ ■,Xm.l, ■ ■ ■ jXm.l) + ^^Xijej{- ~ bi)) 

1=1 j=l 
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then Wk + Wk(a;? 1, • • ■ , a;? ; , • ■ • , xj^j 1 , • • ■ , ;) + YlT=i Yl]=i ^ij^^ji' - ^0 '-^ « critical point of 
J. 

Leti7k(a;i,i, • • ■,Xm,i) = J(uk+Wk(a;i,i, • • ■ ,Xm.,i)+J27Li Lj^i Xijej{--bi)) andi?(xi, ■■■,xi) = 
J{uo+uj{xi, ■ ■ • + Let a; = (a;i,i, • ■ ■,x^j) andx^ = {xi^i,- ■ ■ ,x,^i), i = 1,2, - ■ ■ ,m. 

Remark 5.3. By the condition (*), we know that uq is an isolated critical point of J. Then by Lemma \57[\ 
we know that is the unique critical point of H in B^i (0, 5). 



As the same argument as Lemma |4n we have the following Lemma: 
Lemma 5.4. There exists (5 > such that as 1^ oo, 



Note that H{x) = P" (x) for x e J5ri (0, 6). By LemmagJl we know that Cmo (1'° , 0) ^ 0. Thus we 
have the following Lemma: 

Lemma 5.5. C„,„ {H, 0) ^ 0. 

By Lemmal5.5land Cmmg H{xi), 0) = ^ Cma{H{xi),0) (see ( 14.14b for reference), we get that 
the following Lemma: 

m 

Lemma 5.6. C„„„o(^ 0) 7^ 0. 

By Lemma l576l and Lemma l54l we have the following Lemma 

Lemma 5.7. Ifl^ large enough, then _ffk has at least a critical point x^ G B^mi (0, S) which satisfies that 
a;'' — > fli ^k — > 00. 

Proof. Let {W, W^) be a GM-pair of the isolated critical point of X]i=i H{xi) with respective to the 
gradient field — <i(X]t=i H(xi)). By Lemma|53|and the proof of Lemma|4j7l we know that when Zk large 
enough, if is the flow generalized by the foUowing ordinary differential equation 

f] = Vi{-q{x,t)), 77(2;, 0) = X, 

where ^1(0;) - V{x) = l{p{x)dH^{x) + {I - p{x))d{Y:i^, H{x,))), p G CHR^"-^'',R) 

satisfying < p{x) < 1 for any x and 

r 1, xeB^^.{0,S/4) 
P^'^'-l 0, 5^^,(0, <5/2), 

and g{x) = | -^fl^k); 1}) ^^^^"^ then (VF, W-) satisfies the foUowing conditions: 

(1) . W has the (MVP) property with respect to the flow 77. 

(2) . W- is an exit set for W, i.e., for each xq ^ W and ti > such that r]{xQ, ti) ^ W, there exists 

to e [0,ti) such that 77(2:0, [0, to]) C and 77(xo, to) £ W^-- 

(3) . W^- is closed and is a union of a finite number of sub-manifolds that transversal to the flow 77. 
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If -ffk has no critical point in W, then for any x £ B^mi (0, 5) 

5(2;) > iand > t (5.1) 

for some t > 0. Thus for any x G W, there exists t > such that ri{x, t) ^ W. In fact, if there exists 
X G W such that for any t > 0, ri{x, t) £ W, then by the fact that is a bounded closed set in finite 
dimension space R™', we deduce that there exists a sequence {i„} such that t„ — + +00 as n ^ cxd and 
ri{x, tn) converges to some point a;o G W. Then xo must satisfy that Vi(xo) = 0. It contradicts to (15.1b . 
Thus for any x Q W, tx — ini{t' > : ri{x, t') G < +00. It is easy to verify that = Q for any 

X G Define H : W ^ W, Ti.{x, s) = r]{x, st^). It follows that W- is a deformation reti'act of 

W. Thus Hg{W, W-) =0, Wq. But {W, W-)isa GM-pairof the isolated critical point of ^"^^ H{x,), 
by Lemma I2. 161 and Lemma l531 we get that 

■m 
i=l 

It is a contradiction. Thus if large enough, then has at least a critical point x^ in B^mi (0, S). Finally, 
by Lemma 15741 and Remark l531 we get that a;*' ^ as ^ 00. □ 



By Lemma |5Jl and Lemma [5721 we get the following result: 
Theorem 5.8. ui^ + w\^{x^ ■ ■ ■ i) + E"=i ^fj^ji' is a critical point of J. Furthermore, 

rn I 

as /k +00, w\^{xi i, • • • , x^ i) "> and ^ ^ ^ ^0 ^ 0- 

i=l 3 = 1 



6 Appendix 

In this Section, we shall give the proofs of Lemma 13. II Lemma |331 Lemma 13.101 and Lemma l3.11l 
The proof of Lemma [372] is similar to the proof of Lemma [3T| and the proof of Lemma |3T4l is similar to the 
proof of Lemma [33] 



Vk=^u'{-+bl)-Uk, 



Proof of Lemma I3.lt 

For convenience, we set 



by (13.1b . we have 
Let 



l^fcllffMQfc) ^ as A: ^ 00. (6.1) 

= {x e Qk : \uk{x)\ < 1/e}, fll ^ ^ {x e Qk : \uk{x)\ > 1/e}, 



and 

= {xe Qk : \vk{x)\ < e}, = {x e Qk : \vk{x)\ > e}. 
\ \'Vk\\H'-{Qk) ^ as fc ^ cxD, we get that for every e > 

mes{U}j^) ^ as fc ^ 00 (6.2) 

and by the fact that {uk} is bounded in (Qk), we get that as e 0, 

mes{nlk) ^ 0, (6.3) 

holds uniformly for fc G N, here mes(A) denotes the Lebesgue measure of the set A. 
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By the definition of Vk and ^ and f/^ ^, ^ = 0, 1, we have 

n 

Qk i=l 

\f'{x,uk + wfc) - f{x,Uk)\ ■ \tpk\ ■ \<Pk\dx 



iQk 

< I + [ + [ ■ (6.4) 



By the condition (£2) and Holder inequality, we get 

/ \f'{x,Uk+Vk) - f{x,Uk)\ ■ \ipk\ ■ \i^k\dx 

< CI \uk + Vk\''~'^ ■ \^k\ ■ \i^k\dx + C I \uk + VkY'~'^ ■ \^k\ ■ \^k\dx 

+C / lufel''-^ . |<^fe| . \i,k\dx + C [ luk]"-^ • Ivfel • mdx 



and 



Wk+Vkl'^ ^ • IVfcl • \ilJk\dx 



Ju} Ju}, Ju], Jul, 



whereg+(g — 2)5' < 2* and ^ + ^, , S + 1 = 1. It follows that there exists (7( > which is independent 
of fc, Vfe and <^fe such that 

/ \uk + Vk\''~'^\'4}k ■ ^k\dx < C;(mes(C/,\))^. 

Thus there exists Ci > which is independent of fc, Vfe and ipk such that 

/ |/'(a;,Mfe +i'fe) - /'(a;,Mfe)| • iV'fc • (/Jfeldx < Ci(mes(C/^\))-. (6.5) 

In the same way, there exists C2 > which is independent of fc, Vfe and ipk such that 

/ +i;fe) - /'(a;,Uft)| • IV'/c • (PfeMa; < C2(mes(f}^fe))-. (6.6) 

Choose ri e C^(E) which satisfies that < 7? < 1, \'n'{t)\ < 2, J-^'n{t)dt = 1, 77 = 1 in {-\, \) and 
?7 = in R \ (-1, 1). Let -qsit) = ^ry(|) and 

gs{x,t) = / f'^{x,s)r)s{t- s)ds. 
Jr 

Since /'(a^, i) is a Caratheodory function, we deduce that for almost all a; G and for allt € M, 

lim gs{x,t) = fix, t). (6.7) 
— ^0 

We shall prove that for every e S (0, 1), the following limit holds uniformly for A; G N, 



lim/ \f'{x,Uk+Vk)-gs{x,Uk + Vk)\''-'^dx = 0. (6.8) 



24 



If not, then there exist eo > 0, rjo > and sequences {Sm}, {km} which satisfy that and 

/ l/'(a;,Wfe„ +Vk^) - gs^{x,Uk^ +Vk^)\^dx > 770, m= 1,2,---. 



(6.9) 



By the condition (£2) and the definition of gs^, we know that there exist C, C" > which are independent 
of m such that 

\f'{x,Uk^{x) + Vk^{x)) - gs,^{x,Uk^{x) + Vk„,{x))\~ 

< C'\uk^{x)+VkAx)\'' 

< C{^ + \vk{x)n,yxenl^k^nU°^,^^. (6.10) 

^0 

By i6J) . we get that 

lim \f'{x,Uk^ix) + Vk^{x)) - gs^{x,Uk^ix) + Vk^ix))\~ ^ a.e. (6.11) 

m — >oo 

Moreover, by the fact that there exists constant C > which is independent of m such that 

egmes(r!0,,,^ n U^.J < [ \ukj'' < [ \ukj'' < C (6.12) 

we get that there exists constant C > which is independent of m such that 

mcs{nl^,^^nU^^^,J<C. (6.13) 

By (16.13b . we may assume that the limit limm^oo mes(ri°^ n U^^ ^ ) exists. By (I6.IOI 1 and Fatou 
theorem, we get that 

/ liminf(C(^ + \vk\'^) - \f'{x,Uk^{x) + Vk^{x)) - (x, (x) + Vk^{x))\'^)dx 

< liminf / {C{\ + \vk\'') - \f' {x,Uk,„{x) + Vk„^{x)) - gs^{x,Uk^{x) + Vk^{x))\^)dx 

(6.14) 

By the fact that limfc_+oo Jq^ |ufc |* = and ( 16.14b . we get that 

c\ lim mes(ri° n C/° ) - / lim \f'{x,Uk^ + Vk^) - gs^{x,Uk^ + Vk^)\'^dx 

< lim mes(ri°g_fc^^ n C/°, _fc^J - limsup / \f'{x,Uk^+Vk^)-gSr„{x,Uk^+Vk^)\^dx 

(6.15) 

By ( 16.15b and ( 16.11b . we get that 

lim sup / l/'(2:>w/c„ + w/c„) - ff5„(a;,Ufc„ + = 0. (6.16) 

It contradicts to ( |6^ . Thus (lOT i holds uniformly for fc e N. Then by i6M and 

+ vk) - gs{x,Uk + vk)\- \'4)k ■ (pk\dx 



< (/ \f'{x,uk + vk) - gs{x,uk+vk)\^-^dx)''^ { |?/'fe|'')'(/ Iv'fel')' 

< C{ \f'{x,uk + vk)~gsix,uk+vk)\^dx)'^ (6.17) 
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we get that the following limit holds uniformly for A: G N, | jiySfc | |fc < 1 and | \\k < 1, 

lim / \f'{x,Uk+Vk)-gs{x,Uk+Vk)\-\'4'k-fk\dx^0. (6.18) 



As the same argument as ( 16.18b . we get that the following limit holds uniformly for k G N, ||<(5i:||fc < 1 
andllV-felU < 1, 

lim/ \f'{x,Uk) - gs{x,Uk)\ ■ \tpk ■ fkldx ^ 0. (6.19) 

By the definition of gs{x, t) and the condition (£2), we get that for all i e [— 2/e, 2/e], there exists constant 
C, > such that 

|%(x,t)| = | / f'(oo,s)^{t-s)ds\<CJS. (6.20) 
dt ds 

By (lOOl l. we get that for all a; S 17° ^ n U°f., 

C 

\gs{x,Ukix) +Vk{x)) - gsix,Uk{x))\ < -^\vk{x)\. (6.21) 





If q — 2 < 1 , then there exists constant C(e) > such that 

a 
s 

Then 



\gs{x,Ukix) +Vkix)) - gs{x,Uk{x))\ < ^\vkix)\ < ^\vk{x)\'i'^ , Vx € n i7°fe. 



155(2:, life + Vk) - gs{x,Uk) \ ■ \ipk ■ ipk\dx 



S 



no nc/0 



Jno^nc/o, -^f^^fcHC/o, "'f^°i-n;7,% 

< ^W^^W'miQ.V (6.22) 

where C2(e) > is a constant which is independent of ipki fk and k. 
If g - 2 > 1, then 

\gs{x,Uk + Vk) - gs{x,Uk) \ ■ IV'fc • 'Pk\dx 



C f 

< ^ \vk\-\^k- ipk\dx 

./o%n(7" 



Jnl^nu°, J^^l^nul^ "'^2»,^nc/«^ 

< kP)^ 



< 



S 



\W\\r^{q^), (6.23) 



where C2 (e) > is a constant which is independent of ^/ifc, ^pk and fc. 

By (16.22b and (16.23b . we get that the following limit holds uniformly for | |</3fe | |fc < 1 and | | |fc < 1, 

lim / \gf,{x,Uk+Vk)- g8{x,Uk)\-\^k-'fk\dx = ^. (6.24) 
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By ( I6.I8I 1, ( 16.191 ) and ( |6.24| i. we get that the following limit holds uniformly for | | |fe < 1 and | iV'fe | U < 
1, 



lim / \f'{x,Uk+Vk)-f'ix,Uk)\-\'ipk-(Pk\dx^O. (6.25) 

Finally, by dOl l. (63[ . dOt , dOt and ( 16.251 ). we get that the limit 



lim / \f'{x,Uk+Vk)-f'{x,Uk)\-\'ipk-(Pk\dx = 
holds uniformly for 1 1 (^fc II < 1 and ||'0fe||fe < 1- n 

Proof of Lemma I3.3t 

Firstly, we shall prove that as fc ^ 00, the limit 

„ n n 

/ \f'{x, u^-Y. u\- + Vk - hi)) - fix, ^ u'{- + bi - bl)) - fix, u')\ . 1^, . V>fe| -> (6.26) 
holds uniformly for v3fe,V3fe G Ek which satisfy ||(/3fe||fc < 1, HV'fcllfe < 1- 

n 

For convenience, we set Vk = [■ b], — b\) . 

i=2 

Let = {x G Qfc : \vk{x)\ < 1/e}, Vll^ ^{x^Qk : |i;fe(a;)| > 1/e}, 
Ul = {xeQk ■■ \u\x)\ < 1/e}, ^{xeQk : \u\x)\ > 

Then the limit 

limmes(f72j^) = 0, (6.27) 

holds uniformly for fc e N and 

mes(C/f ) ^ 0, as e ^ 0. (6.28) 

Note that 

\f{x,u'+Vk)-f'ix,Vk)-f'ix,u')\-\ipk-^k\dx<f +1 +1 ■ (6.29) 
Qfc Jninu} Jni Ju} 

As the same argument as ( I6.5l l and ( 16.61 ), we know that there exist constants r > 0, Ci > and C2 > 
which are independent of k, (pk and ^pk such that 

\f'ix,u'+Vk) - f'{x,vk) - f'{x,u')\ ■ \ipk ■ Mdx < Ci(mes(r!2,.))^ (6.30) 

[ If'ix, + Vk) - fix, Vk) ~ fix, u^)\ ■ \ipk ■ ^k\dx < C2(mes(C/2))^. (6.31) 

As the same argument as ( 16.181 ) and ( |6.19t , we know that for every e G (0, 1), the following limits holds 
uniformly for fc G N, ||<y9A;||fc < 1 and ||V'fc||fc < 1, 

1™/ \f'ix,u'^ +Vk) - gsix,u^ + Vk)\ ■ \(pk ■ -ipkldx = 0, (6.32) 



S^O /oi 



a] .nu} 



lim/ \fix,Vk)-gs{x,Vk)\-\<fk-i^k\dx^O, (6.33) 

lim/ \fix,u')-gsix,u^)\-\ipk-^k\dx^O. (6.34) 
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For x G J, n U^, as the same argument as (|6.21| l. we deduce that there exists constant M^,s > 
which depends only on e and 6 such that 

\gs{x, Vk{x) + u\x)) - gs{x, Vk{x)) - gs{x, uHx))\ < M.^sWHx)] + C{\uHx)\'^-^ + \uHx)\p-^). 

(6.35) 

We shall prove that for any e > 0, as fc ^ oo, the limit 



/ \g5{x,Vk +u^) ~ gs{x,Vk) - gs{x,u^)\ ■ \ipk\ ■ \4'k\ 

holds uniformly for (pfc, V'fc £ Ek which satisfy ||</3fc||fc < 1 and H-fAfcHfc < 1- 

We distinguish it by two cases: 
Case 1. 0<(7 — 2<l.In this case, by (16.351 1, there exists Af^ .5 > such that 

\gs{x,Vk + u^) - gs{x,vk) - g5{x,u^)\ < M,,s\u^\''-^ , Vx G nl,,nU}. 

Then 

\gs{x, Vk + u') - gs{x, Vk) - gs{x, u^)\^ < G n] ,^ D U}. 

Since as fc — ^ 00, 

\gs{x,Vk +v}) - gs{x,Vk) - gs{x,v})\'^ a.e., 
by Lebesgue convergence theorem, we get that as A; ^ 00, 



(6.36) 



It follows that as fc ^ 00, the limit 



/ \g&{x,Vk - gs{x,Vk) - gs{x,u^)\i-'^ 0. 



\gs{x,Vk + u^) - gs{x,Vk) - gs{x,u'^)\ ■ \ipk ■ i^k\dx 
f2i ,,nu} 



< (/ \gsix,vk + u^)-gsix,vk)~gsix,u^)\^)^{ l^k^H IV'fel'')'^0 



holds uniformly for i^fcjV'fe £ Ek which satisfy \ \(pk\\k < 1, H-^fclk- < 1- 

Case 2. g — 2 > 1. In this case, by ( |6.35l l, we get that there exists M^^s > such that 

155(2;, Vk + u^) - gs{x,Vk) - gs{x, u^)\ < Mf_^s\u^\- 
By Lebesgue convergence theorem, we deduce that, as fc ^ 00, the limit 

/ \gs{x,vk +u^) - gs{x,Vk) - gs{x,u^)\^ 

holds uniformly for ipk, V'fc G Ek which satisfy | |</3fc | |fc < 1, | | |fc < 1- Therefore, as k ^ 00, the limit 

/ \g5{x,Vk +u^) - gsix,Vk) - gs{x,u^)\ ■ \ fk ■ ipk\dx 

< if \95{x,vk+u^)-gs{x,vk)-gs{x,u^)\^)i{ [ \ipk\'')H [ |V'fc|')^^0 

Jnl^nu^ JQk JQk 

holds uni formly for ipk, V'fc £ Ek wh ich sa tisfy \ \'£k\\k < 1, |- 0fc||fc < 1- 

Thus (16.36b holds. By (j6.27p — (j6.34p and (16.36b . we get (16.26b . Finally, by inductive argument, we 
can get the desired result of this Lemma. □ 
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Proof of Lemma |3.10t 

(1). By Lemma[3?8l we get that for any (p e (A'^f 

„ h h 



li h 



/ V{x) ■ {ul + wliY^ x.jXke^u) + ^Xi^jXkeij) ■ 

/ f{^^^,+^kC^^i.jXket,j) +^x^jXket,j)'P, (6.37) 

'jQh A 1 A 1 



and for any ^ e , 



J^- u u 

n h h 

+ V{x) ■ iy + (S^ Xij e,; J ) + Xij Ci J ) • 1p 



J= 

h 



- f{x,u'- + Lu\y^ XijBij) Xijeij)ip. (6.38) 

Note that the Hmit 

h h 

Wu^C^Xi^eij) - Xk(^'(^Xijeij)\\Hi{RN) 0, k ^ oo (6.39) 

holds uniformly for X]j=i j — '^o ^^'^ 

\\ei,j - Xfceij||i/i(Riv) 0, - Ufcllfe ^ 0, fc ^ oo. (6.40) 
By (|6.38|) - (|6.40|) and Lemma [121 we get that as fc ^ oo, 



o(l) = / + Xfct^'(y^ + Xfc ^^ijejj) ■ Vy^ 

"'Qfc i=i j=i 

„ li h 

- f{x,u' + XkUj'C^Xijeij) + Xk^Xi^jeij)ip (6.41) 
jQk j=i j=i 

holds uniformly for ip e A^^^ satisfying | I-0I | < 1 and < <5o. It is easy to verify that the limit 

h 

(Xfcw'(^a;ijeij), Xkeij)k ^0, fc ^ oo (6.42) 

holds uniformly for Y^^j^ixfj < Sq, since (wHS'Li ^^ij^ij): = 0. Recall that P(^pfky is the 

orthogonal projection from Ek into (Nj^)^, by ( |6.42| i and ( |6.39l l, we get that the limit 

h li 
\\^^C^^^,3^i.o) - P{Nk)±{Xk^^C^Xi^jei^j))\\Hi(K.N) ^ 0, fc ^ oo (6.43) 

j=i ' i=i 
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holds uniformly for X]j'=i ^Ij ^ "^o- < I6-43I ) and ( 16.411 ). we get that as A; ^ cx), 

„ h h 

-/ fix.v} + Pi^^^.^^ixk^^^'C^Xi^jei^j)) + Xk^Xi^jei^j)ij). (6.44) 

Choose = a;i,iXfceij) - ^'(ivfc)^ aJij-eij)) and let V G iy^(R^) be an 

extension of (ys. We have 93 G [N^)^. Then minus (16.371 1 by (16.441 1. by mean value theorem, we get that 

(P(^fc)_L(Wfe(u^,fe,t))<P,v)^ ^ 0, A: ^ 00 (6.45) 

holds uniformly for X]j=i ^1 j — '^oj where 

h h h 

and t G [0, 1]. By Lemma [331 we know that the operator Pf^ffk^±{V^ Jk{ui.k.t)\(^ffk-j±) is invertible and 
there exists constant 77 > such that 

||(P(^.),(V2jfeK,fc,OI(^.)J)~^|| < V. (6.46) 

By (I6.45I 1 and (16.461 1. we get that 

ll^llfc -.0, fc-.oo (6.47) 

holds uniformly for ^ij — ^o- Thus the result (1) of this Lemma follows from ( |6.47| i and (|6.43l l 

directly. 

(2). Differentiating the equalities ( I6.37l i and ( 16.38b for the variable Xi^s, we get that for any ip G {Nj')-^, 



/ V{x) ■ {{wiyiY] X,^JXke^,J)Xke^,s + XfeGj.s) • ^ 

•'Qk j=i 

h h h 

/ f'{x,ul + wlC^x^^JXke^,J) + '^x^JXkei,J) ■ i(wiyC^Xt^jXketj)xkei,s) ■ <P 
JQk j=i j=i 

„ h U 

/ /'(a;, Ufc + wlC^ x^jXfcejj) + ^ x.jXfcejj) • {Xke^,s) ■ f (6.48) 

J Oh. -1 -1 



i=i j=i 
and for any ■;/; G A^^^ , 

= / V(K)'(Va;^jejj)ei,s +6^,^) • V^) 
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- / f'{x, + Lu^y^ XijCij) + Y] XijCij) ■ {{uj'y(S2 Xi,jei^j)ei^s) ■ V' 

- f'{x,u'+uj''(S2xijeij) + 'S2xijeij)-ei,s-ilj. (6.49) 



Note that the limit 

h 



\\i'^'y(^^hj^i,3)^^,s - Xk{(^''y(^Xijeij)ei^s\\H^(R«) ^0, k ^ oo (6.50) 

holds uniformly for Y^-^i a^lj < (^^^ By (|639] |. (|630] i. the result (1) of Lemma ITTOl and Lemma 

13.21 we get that as fc ^ oo, 

h U li 

li li 
•'Qk j=i j=i 

+o(l) (6.51) 

and 

P U I, 

/ f'{x, + LJ''(YI XijCij) + XijCij) ■ Ci^s ■ V' 

"'Qfc i=i j=i 

(6.52) 

By (|639] l. (I6l^ and - (|632l) . we can get that 



and 



j)Xkei,s + XkCi^s) ■ V<^ 

li 

^i^) ■ ((^fc)'(X! ^^,jXket,j)xket,s + Xket,s) ■ 
i=i 

^ U li h 

/ /'(a^.Wfc + w'fe(X!^^i^'=^^j) ■ (('^kyC^^i,]Xket,j)xkez,s) ■ ^ 

-'Qk j^i j=i j=i 

li li 

f'{x,ul +wlC^XijXketj) + ^x^^-iXketj) ■ (Xfcej,s) • (fi (6.53) 
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„ li li h 

•>Qk j=i 

„ li h 

= j f\x,u'' +wl(^Xi^.jXkei,j) + Xk^Xi^jei^j)-Xkei,s-'>P + o{l). (6.54) 
"'Qfc i=i 3=1 

Since Xi^jei^j)ei^s, ei,t) = 0, we get that 

li 

{{XkUj'^)' C^x^jeij)ei^s, Xkei,t) = o(l), k ^ oo (6.55) 
holds uniformly for X]j=i ^ (^o- By ( I6.55t and ( I6.50t . we get that the limit 



\\i^'yC^^i,j<^h3)^i,s - P(ff^)±iXk{uj'yC^Xijeij)ei^s)\\H^R'^) ^0, fc ^ oo (6.56) 

holds uniformly for X]j=i < (Jq. By ( |6.54t and ( 16.561 1. we get that 

+ / y{x)-{Pij:jk^±{Xk{i^'')'(^Xijerj)ei^s)+Xkei,s)-'>P 

Jq. 

li li li 

- / f {x,u' + wl(^x,^jXker,j) + ^x^^JXke^,J) ■ (P(jv^/c)i(xfcK)'(^a;jje,j)e,,,)) • ip 
•'Qk j=i j=i ' j=i 

„ h li 

= / f'ix,u' + wlC^XijXkei,]) + Xk^Xijei^j) ■ XkCi^s ■ ip + o{l). (6.57) 
jQk j=i j=i 

Choose If = 2;i,iXfceij)xfeei,s --P(jv^fc)i(Xfc('^*)'(I]j=i a;i j)ei,s) and let V' £ H^{R^) 

be an extension of ip. We have (ys G (N^)-^. Then minus ( |6.53t by ( |6.57t . we get that 

(P(j^.)_L(Wfe(u,,fe))¥>, if^^^O, k^oo (6.58) 

holds uniformly for Y^^Li ^ij < where Ui^k = + w^(I]j=i a;ijXfceij) + Xk Y.\Li ^id^i.j- By 
Lemma |376l we know that the operator P(^ffk^± {'^'^Jk{ui.k)\(^f}k^±) is invertible and there exists constant 
M > such that 

||(P(j^.),(VVfcKfc)|(j^.),))-i|| < M. (6.59) 
By (16.581 1 and (|6.59l l, we get that 

ll^llfc ^0, fc^oo (6.60) 

holds uniformly for ^ij — ^o- Thus the result (2) of this Lemma follows from ( I6.6OI 1 and (|6.56l l 

directly. □ 

Proof of Lemma I3.11t 
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(1). Let ei{h^) = wiih^) - Tk{wl(hi)), i = 1, 2, • ■ • , n. By ^TM and the fact that \hl - oo as 

k oo for i ^ j, we get that 



w 



s=l Ik \ s=l / k 

{^kC^^^,sXke^^i))■, (Xfcej-.t)(- + K - 

(6.61) 

o(l), as K ^ cx), ? ^ J. 
By (16.61b . we get that the limit 

\Wk{K)\V ^0 as fc ^ oo (6.62) 

holds uniformly for hi satisfying < i5o- Thus by the result (1) of Lemma [XH] we know that as 

k ^ oo, the limit 

Tfc(VJfcK + Tkiwlih,)) + h,)) ^ 

holds uniformly for /li satisfying II I II < ^n. By Lemma l3.4l and the fact that limt.^,^, ""lll-ffiCQ*; 
0, we get that as fc ^ cxd, the limit 

™ n n n 

/ |/(.T, Uk+Y. Tk{wl{h,)) + J2h,)-J2 fix, ul + fk{wl{h{)) + /i,)| . I^fel ^ 

•^Q'' i=l 1=1 i=l 

holds uniformly for h — X)iLi satisfying |||ft.||| < (5o and Lpk G Ek satisfying ||<(5A:||fc < 1. Thus we 
deduce that as fc — > oo, the limit 

n n 

Tfc(VJfcK + ^ffeK(/i»))+^/i»)) ^0 (6.63) 

1=1 1=1 

holds uniformly for /i = hi satisfying |||/i||| < Sq. Since fk{VJk{uk+Wk{Y^"^-i^ /^O+Z^iLi ^i)) = 

0, by dESS, 

we set that as k — > oo, 

n n n n 

Tfc(VJfcK + MY. '^'■) + H '^*)) " Tk{\7Jk{uk + Y Tk{wl{h,)) + Y ^^)) 

i—1 i—1 i—l i—1 

{„! n n n \ 

/ ffc(vVfcK + (1 - i)wk{Yl + ^^fcKC^O) + Yl '^'■))^* r 

■^0 »=1 *=1 z=l J 

n n 

xiYTk{wl{h,))-Wk{Y^'')) 

i=l i=l 

= o(l) (6.64) 



holds uniformly for h G Ba^. (0, i5o)- By Lemma l376l we know that when k > ko, 

^1 n n n 

IK / ffc(vjfcK + (i-t)u.fc(V/i,) + iVrfe(cuUft,)) + V/i,))c^i)~'ll < 



holds uniformly for h — (0; '^o)- Thus we get that as k — > oo. 

n n n 

sup{||u;fe(^/iO-^rfeK(/i»))llfc : h = Yh^^B^^{0,5o)] ^Q. (6.65) 

i—1 i—1 i—1 

The result (1) of this lemma follows from (16.651 1 and (|6.62| l directly. 

33 



(2). By Lemma lTSl we know that for any G 11^, 

n n 

= (TkVJkjuk + Wfc(y^ hs) + hs), ip)k 

s=l s=l 

n n n n 

•'Qk S = l S=l -^Qfc S = l S = l 

r, n n 

-/ f{x,Uk + WkC^hs) +^^hs) ■ (fi. 

•'Qi' s=l s=l 

Differentiating the above equality for the variable Xij, we get that 

p n ^ n 

= / vK.(E + 4) • + / v{x) ■ K(E + <j) ■ ^ 

■>Q>^ s=i -^Qfc s=i 

^ n n 71 

- j f {x,Uk + WkC^hs) + ^hs) ■ {w'kC^hs)e^i^j) ■ ip 

•^Qfc s=l s=l s=l 

„ n 71 

- / f'{x, Uk + /i.) +^hs)- elj ■ If. (6.66) 

•^Qfc s=l s=l 

Since G Ilfc, we have (e^^ , (p)k = 0. Thus by (I6.66I 1. we get that 

/ \/{w'k{Y.h,)ei^)-V^+ V{x).{w'k{Y,K)el^)-^ 

„ n n 

Qk 1 ^—1 



is 



By the same argument and noting that (u'^)'(^^ Xs.tSg t)^i j = if s 7^ i, we know that for any ip Gllk, 

^ Qk l — \ ^ Qk 

„ h Is Is 

„ Is Is 

= 6s^^ f'{x,ul+wl{J2xs,te'!^t)+J2''-''^it)-elj-^ (6.68) 



By Lemma [3741 we get that as fc ^ cxd, the following two equalities 

n Is I 



•'Qk s = l s=l t = l t=l 

n „ Is Is 

- — 1 Qk + — 1 +— 1 
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and 



n. n n Is Is is 

/ fix, J2ul + Y, ""-'teit) + ^--'^m) • (K)'(X^ Xs,te';^tHj) ■ f 

■JQk s=l s=l t=i t=i t=i 

n Is Is 

J2 / fix, < + wl{J2 Xs,te'!,t) + ^^^'^m) • (K)'(^ Xs,te'!,t)4j) ■ <f 
s^i-lQk t=l t=l t=l 

+o(l) (6.70) 



hold uniformly for h € Ba^. (0, Sq) and (p E Hk satisfying \ \ip\ \ < 1. Furthermore, if s 7^ i, then by (13.201 1 
and the fact that — 6^ | ^ cx3 as /c ^ cx), we get that the following two limits 

Is Is h 

lim / /'(a;,4+w;^(^x,,te^;j + 22;,,te^^,)-(K)'(^x,,te*^^Jef,^-)-(p = (6.71) 

fC — ^ 00 / /~i 

Wt- + — 1 J — 1 + — 1 



and 



„ Is Is 

fci™ / •^'(^'"fe + "'fe£^MeM) + ^2:,,te^,J-e*^_^ -(^ = (6.72) 

'^°°''Qk t = l t = l 

holds uniformly for Yl\=i t — ^o- (|6.69|) — (j6.72p . we get that as A: ^ 00, the following two 
equalities 

/ fix, Y< + Y.'^lihs) + Yl '^^) • (K)'('^Oet-) • V 

■^Qk s=l S = l S=l 

/'(x, + wlih,) + h,) ■ (K.)'(/i.)et) • f + (6.73) 



and 



„ n n n 

/ f'{x,Y^l + Y'^kihs) + Y.^-y''lr'fi 

•^Q'- s=l s=l s=l 

+ wU/i.) + • • ^ + 0(1) (6.74) 



hold uniformly for Y.'s=i^'^ ^ Ba^{0,So) as A: 00. By ( 16.68b . ( 16.731 ). ( 16.74b and the fact that 

Is 

^«^te^^t)et- = if s ^ ^, we get that 



■^Qi' s=i t=i -'Qk s=l t=l 

•J Oh * 1 "J Oh ■!■ 1 



'Qk t=l 

/ fix, ul + wliY x^,telt) + ^htelt) ■ efj • f 

■^Qk t = l t=l 

h h Is 

+ / f'ix,ul+wliYx^,telt)+Y''^^^''lt) ■ (K)'(X^a;,,te^_Jef^^.) 

-'Qk t = l t = l t = l 

P n n Is Is 

/ fix, Y<+Y ^^^t<*) + Y ^^'*4t) ■ 4j • 

CJk 1 1 -f 1 + 1 



s=l s=l t=l t=l 
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^ n n Is Is n Is 

•^Qfc s=l s=l t=l t=l s=l t=l 

+o(l). (6.75) 

n 

Hence by < |6.75l >, lim \\uk — I U =0 and the result (1) of this Lemma, we have 

„ n 71 n 

- j f'{x, Uk + WkiY^ ^^^s)- C^{wl)'{hs) ■ if 

„ n n 

= / /'(x,Mfc+u;fe(^/i,)+^/is)-e*^_^-(/3 + o(l). (6.76) 

•'Qfe s=l s=l 

n 

holds uniformly for ft.^ S i?A^ (0, 6^) as, k ^ oo . 

s=l 

Minus ( 16.67b by ( 16.761 ), we get that for any e 11^, 

(n n n n \ 

s=l s=l i=l s=l / k 

= o(l), as k (X. (6.77) 
By ( 13.20b . we deduce that as fc — > oo, for any 1 < v < k and 1 < t < n, we have 

n 

(EK)'(/is)et, el)k^O (6.78) 



holds uniformly for h G B/^^ (0, (5o). Thus as A; — * oo, the limit 

n n 

llE(<)'('^^)<. -^'^(E(^^)'('^^)^t)IU ^0 (6.79) 



holds uniformly for h e Ba^ (0, Sq). By ( |6.79b and ( 16.77b . we get that 

Cn n n n \ 

(TfcVVfeK + wkiY. f"^) + E '*^))K(E ^'^Hj - (E ^ 
S — l S — 1 S — 1 S — 1 / /j. 

= o(l), as fc ^ oo. (6.80) 

Choose (fi = " (ELi ?^fe(w|)'(/is)e^_j)) in (OOl i and by LemmaESl we deduce that 

as fc — > oo, 

n n 

\\{w',{J2hi)el^)-fk{J2i<nhs)el^)\\k^0 (6.81) 

1=1 s=l 



holds uniformly for h e Ba^ (0, 6a). 

Thus the result (2) of this Lemma follows from ( 16.81b and ( 16.79b directly. □ 
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